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Abstract. In this paper we study the complexity of STRIPS plan- is a tree, it is easy to determine a serializability ordering over any set
ning when operators have a single effect. In particular, we show howf sub-goals, and consequently, obtain a plan in polynomial time.
the structure of the domain’s causal graph influences the complexity An important byproduct of Williams and Nayak’s work is its

of planning. Causal graphs relate between preconditions and effeattemonstration that unary operator domain are of practical interest.
of domain operators. They were introduced by Williams and Nayak|nterestingly, unary operator domains show up naturally in another
who studied unary operator domains because of their direct applicapplication — answering dominance queries in CP-networks [4].
bility to the control of NASA's Deep-Space One spacecraft. Williams  Our work continues Williams and Nayak’s study of unary opera-
and Nayak's reactive planner can be trivially extended into a polytor domains, concentrating on the relationship between the domain’s
nomial time plan generator in the context of tree-structured causalausal graph and the complexity of plan generation and plan exis-
graphs. In this paper, we treat more complex causal graph structurgence. In particular we prove the following results:

such as undirected polytrees, singly-connected networks, and general

DAGs. We show that a polynomial time plan generation algorithm® YWhen the undirected graph induced by the causal graph is singly
exists for graphs that induce an undirected polytree. More generally, cONnected, plan existence and plan generation can be performed
we show that a certain relation exists between the number of paths in O(e) time (wheree is the number of edges in the causal graph).
in the causal graph and the complexity of planning in the associate®! \'Gvgen the causal graph is singly connected, plan generation is in

domain.
e When the causal graph has more than three paths between two

variables, plan generation is NP-hard.
1 INTRODUCTION e In general, the complexity of plan generation can be bound by a

Generating plans in the context of the STRIPS representation lan- function of the number of paths within the causal graph.

guage is known to be a difficult (P-SPACE complete) problem [S]. g rest of this paper is devoted to a more formal presentation of
Thus, various authors have explored the existence of more CORese results and their proofs.

strained problem classes for which planning is easier. For example,

Bylander showed that STRIPS planning in domains where each oper-

ator is restricted to have positive preconditions and one postconditod COMPLEXITY RESULTS

only is tractable. B¢kstom and Klein [1] considered other types of We now show how, by bounding the structural complexity of the

local restrlqt_lons, but using a more r?f'”ed r_n_odel n V\.’h'Ch two tWescausal graph, we can bound the complexity of plan generation. Re-
of preconditions are considerepkevail conditions, which are vari-

call that we use a propositional language to describe the state of the

q t affected by th i aconditi hich %orld, and that our operators are described by a set of prevail condi-
and are not afiected by the operator, gmeconditions, which are tions —i.e., a set of literals that must hold in a world for the operator

affected by the operator. For example, [1] have shown that when %R be applicable, a single precondition, and a single post-condition

erators have_a single effect, no two operators have the same eﬁef&r effect). The precondition and the post-condition are represented
and each variable can be affected only in one context (of prevail cor’By single literals, one the negation of the other.

ditions) then the planning problem can be solved in polynomial time.
However, these restrictions are very strict, and it is difficult to find )
reasonable domains satisfying them. 2.1 Undirected Polytrees

More recently, Williams and Nayak [3] studied planning prob- . . . . .
lems where all operators affect a single variable, in the context o'fo‘ polytree is a singly connected graph, i.e., a graph in which there

. . \ Is a single path between two nodes. Here, we consider the case of
their work on controlling NASAS Deep-Space One spacecraft, Ir]a causal graph in which there is a single path between every pair of
this context, they defined the notion otausal graph which relates grap gle p yp

the causal structure of the domain, i.e., how different variables IanOdeS In the inducedndirected graph. For this class of problems we
o Pl present a polynomial time planning algorithm. We will rely on

a role in our ability to affect other varlable_s. A causg_l graph is a %]’s formulation of the POP algorithm, and we will assume that the
directed graph whose nodes are the domain propositions. An ed . y . .
ceader is familiar with that algorithm.

\(/I; ]32; 3?pke1§?amrt:veai(|: ?:lcj)i?ili t?éi?gvglifnmevsﬁggifé (t:r;its(;]a?ges theOur algorithm proceeds in two stages: First, we perform a forward
1 P 2 9PN check step. Following this step, which takes time linear in the size of

1 Dept. of Computer Science, Ben-Gurion University of the Negev, P. O. Boxhe input, we can answer the question whether or not a plan exists.
653, Beer-Sheva 84105, Israel, e-m4idrcarmel, brafmap@cs.bgu.ac.il If the answer if positive, we run a particular instantiation of the POP




algorithm which generates the plan without backtracking in lineal
time.

The forward checking procedures, described in Figure 1, works
as follows: we perform a topological sort of the causal graph and

start processing each node (=variable) from top to bottom. At eac|
point, a set of operators is associated with each variable, i.e., th
set of operators that can change the value of that variable. Initially
this would be the set of all such operators. Now, for each variabls
v, we check whether its value in the initial stat8, differs from its
value in the goal state;". If this is the case and there is no operator
transformingv® to v* we returnfailure. If v = »* then we first
check whether there are two operators associated witiat have
both its values as effects. If this is the case, then, intuitively, this
implies that we can changes current value and still regain the value
needed in the goal state. Otherwise, we malkticked and we extract
all operators in which the negation 0% current value appears as a
prevail condition — it is clear that we will never be able to apply these
operators in a valid plan.

It is apparent that the procedure Forward-Check’s running time i
linear in the number of operatofs.

Procedure Forward-CheckI({, A, G)
1. Topologically sort all variable¥ based on the the causal graph.

2. For each variables € V, call Recursive-Lockind(, A, v, G), re-
specting the above ordering.

3. If all calls to Recursive-Locking return success, then return sucfess.

Algorithm: POP-UPC (A4, O, L), agenda, A)
1. Termination: If agenda is empty, return(.A, O, L)

2. Goal selection: Let (9;, A,ceq) be arightmost pair on theagenda
(by definition, A,..q € A andd; is one of the preconditions g
Aneed)'

Operator selection:

»]

h
€.

1

(@) Ifv = v} andd; = v;}:

7

i. Ifthere are no items on the agenda requiring andA;” ¢ A’,
orif Apeeq = A7 thenAg g = A9,
ii. Otherwise,Agqq = A}
(b) Ifv? =7 andy; # v} thend,qq = A7 .
(©) 1fv? # v} andd; # v} thenA,qq = A?.
(d) If v9 # v7 andy; = v} thenAggq = A7

. Plan updating: Let £’ = £ U {4444 Ll Apeed}, and let®’
O U {Agqq < Anecea} If Agqq is newly instantiated, thent!
AU {Aggq} andO’ = O U {A? < Aggqq < A}} (otherwise let
A" = AandO’ = 0O).

. Update goal set: Let agenda’ = agenda - {(¥;, Apeea)}- If Agda
is newly instantiated, then for each of its preconditigh add
(Q, Agqq) to agenda’.

. Threat prevention: If A,qq = Aj‘, then, for eacd € A, s.t.—w}
belongs to the preconditions ef add{A < A, 44} t0 O'.

. Recursiveinvocation: POP-UPC(A', O', L'}, agenda’, A), where
agenda is topologically ordered (based on the causal graph wit

Otherwise return failure.
Procedure Recursive-Lockind(, , A, v;, G)
1. If 'U? # vy then

(a) Ifno operatorAi+ in A hasv; as post-condition, return failure.
(b) Otherwise return success.

0 _
2. Ifv) = vy then

(@) Ifthere are two operators;” andA;r in A, that have-v} andv;
as their post-conditions respectively, return success.

(b) Otherwise, mark the variabte locked and remove from\ all op-
erators that havew; as a precondition or prevail condition. (Ng
that this requires considering operators affecting the children

only.)

te

Figurel. Forward checking procedure

Lemmal Forward-Check returns successf and only if a plan ex-
ists.

Clearly, if Forward-Check fails, then no plan exists. To prove th

opposite direction we proceed as follows: We define a partial order .
PP b P &: There are no threats in the output of POP-UPC.

k@. The ordering constraints {1 are consistent.

planning algorithm POP-UPC (partial-order planner for undirecte
polytree causal graph) and show that it will succeed without bac
tracking if Forward-Check succeeds. POP-UPC is described in det
in Figure 2. In its description, we assume that a minimal number o

spect to the precondition part of each pair).

Figure2. POP-UPC algorithm

if it requires achieving some value forthat differs from its initial
value, we add an operator to the plan with the desired effect. Other-
wise, we need the same value for v as that which appears in the
initial state. If no operator was added which has the oppositg of

as a prevail condition, we will use the initial state (or in POP ter-
minology, the operator®) to achieve this value (i.e., we simply do
not change this value throughout the plan). If we added an operator
which negatesi,, we must re-establish it, and we add an operator
with that effect. No threats arise in POP-UPC, and the ordering con-
straints are consistent.

Lemma 2 If Forward-Check was successful then POP-UPC will re-
turn avalid plan.

Proof The Lemma will follow from the following claims:

el' For every agenda item, there exists an operator that has it as an

effect.

.!L) The first claim follows from the success of the Forward-Check
rocedure. It implies that for every variableif v's initial value

operators exists, i.e., if we remove a single operator from the domairyitrers from its final value, there is an operator for achieving that

Forward-Check would no longer return success.

value. For any other variable, we can always use the initial state as

Intuitively, POP-UPC works as follows: it maintains a goal agendaihe gource of its value. i's initial and final value are the same and
sorted_based on the causal graph_structure: parent vaﬁlable.s appeangkre are no two operators that can changevalue in both direc-
ter their descendents. At each point, the next agenda item is selectqq)'nsl then because of the locking mechanism, we will not allow any

2 This assumes some appropriate indexing is used. This indexing should gperator that relies on the valuewthat differs from its initial value.

performed once for each planning domain.

Hence, the need for an appropriate precondition will not arise.



(2) Suppose that some operatbrthreatensd, 2% A, i.e., 2.2 Polytrees

In this section we provide an upper bound on the complexity of plan
generation when the causal graph is a polytree. In particular, we show
that this problem is in NP. However, the question of the exact place-
ment of this problem in the computational complexity hierarchy is
left open.

e OU{A, < A; < A.}is consistent, and
e A, has—d; as an effect.

For a given variable;, only three operators can have an effect per-
ini - + - -
taining tov;: Ao, A", and4; . POP-UPC forces these operators to First we make the following observation, upon which we base our

be ordered as followsd, < A7 < A, soA. can only be an oper- o . . :
ator withd; as a prevail condition. There are two cases to considerprOOf' The central claim will follow using an induction on the number

_ - A T of variables.
Ap = Ao, Ay = A" and4, f_ll Ae = A X Consider an arbitrary planning problem instabteith a variable
Suppose thatl, = Ao, A; = A; . Inthat case); = v], but the only .
. Co L setV, and an operator sét. Denote byMust(v) the maximal num-
A for which Ay suppliesv; is A; .

Suppose thatl, — A~, A, = A*. In that caseg; # v7, and step 6 ber of times that a variable must change its value in the course of

i . execution of a valid plan for this problem. For the type of problems
guarantees thal. < A. Hence, again, no threat occurs. we deal with, for all variables iy Must(v) satisfies:

(3) The ordering cons_trair_ns are consistent if no two operatrs Must(v) < 1 + Z Must(x) 1)
andA; are such tha® implies{{A4; < A;}, {4; < 4;}}. Inwhat
follows, A; will be used to denote an arbitrary operator affecting
variablev;. where Sons(v) denote the immediate successorsvah the corre-

First note that each ordering constraint added in Step 4 or Step 6 &Ponding causal graph. That is, a variable must change its value at
between operators affecting a variable and its child (with respect t§10st once for each requested change of its successors (in order to
the causal graph). In particular,4f;, < A; was added in Step 4 then satisfy necessary prevail conditions), and then at most once in order
v; is a parent of;, whereas ifA; < A; was added in Step 6; is 0 accept the value requested by the goal state.

Sons(v)

a parent ofy;. In particular, this means that if; < A; is implied Let MinPlanSize(IT) denote the size of the minimal plan for the
by O then there is a path betweenandu; in the undirected graph ProblemIL. Using theMust property of the state variables, the fol-
induced by the causal graph. lowing upper bound foMinPlanSize(II) is straightforward:
Assume, to the contrary th& implies A; < A; and A; < A;. .
From the argument above, we know that there is a path between MinPlanSize(Il) < Zv Must(v) @)

vE

andv; in the undirected graph induced by the causal graph. By our
structural assumption, we know that there is a unique path between This bound holds for all unary operator domains whose causal graph
andv; . Thus, the situation is as follows: We have a chain of operatorss acyclic. We will use this bound to prove the following lemma.

A = Ay < A < < A4, = A;implying A; < Aj, and a
chainA; = A} > A}, >---> A; | > A; = A; implying
A; > A;. Without loss of generality, the internal;, and A;, are

Lemma 3 Plan generation for propositional planning problems in
domains whose underlying causal graph isa polytreeisin NP.

different (otherwise, we can reduce the chain and dedljce A;, Proof In order to prove this claim it is sufficient to show that for
andA; > A;). any solvable problem instand&e = (V, A, Init, Goal) for domains
We know thatd}, < A;, < A;;: whose causal graph is a polytree, the length of the minimal (optimal)

(1) If v, is a parent ob;, thenA], < A;, canonly stem from Step6  solution will be polynomial in the size of input. Since the verification
because-wv;; is a precondition ofd;, andA;, = Ajo. A;g < A of the solution takes time linear in its length, the bound follows. We
can only stem from Step 4 becaus§ is a precondition ofd;, . will show that the length of the minimal solution is less than or equal
Hence,A;, andA;, must be different operators. Given the algorithm to n?, wheren is the number of variables . Our proof does not
we must haved;, = A; and4;, = AI. (Otherwise, we have both rely on the particular initial or goal state, and so we will ignore them,
Al < A} andA} < A which implies conflicting preconditions ~ from now on.
for A1) The proof is by induction om, and is based on the previously
(2) If v;, is a parent ofv;, then A;, < A;, can only stem from ac_:hieved upper bound dvinPlanSze. Forn = 1, Equation 1 im-
Step 6,4;, = A}, and—w;, is a precondition of4;,. In that case ~ Plies that ‘
A}, mustbeA and, againd;, and Aj, are different. > Must(v) < Must(v1) <1=1°.
Continuing with the next variable;, we know thatAQ2 < Ai‘1 and vey
A} < A;,. We claim thatd], # A;,. More specifically, we claim Now, suppose that whe’| = n — 1 then
thatAj, = A;, andA;, = A}. Z Must(v) < (n — 1)°.
First, suppose that, is the parent ofi, . In that cased;, < 4; is ey
i i ) 3 + )
impossible. Henceys, must+be th? parent QI.”' FromA4;, < Ai, Let I’ be some problem instance for whifW | = n. Suppose that
we can deduce that;, = A} . Asin the previous case, the fact that the variables i/ — {v va } are topologically ordered based

, N ) L _ 1y U pologically ordered base
Ai, # Aj, follows easily, and hencd;, = A;; . on the domain’s causal graph. Cleanly, is a leaf node (i.e.Sons
Having established thatl;, = A7 and thatd;, = Af,itis  (,,) = ). We will denote byIl the problem instance obtained by
apparent that an inductive argument will allow us to show that for a”removingvn from the domain, and the corresponding variable set by
n > 0 we have thatd; = A; andA;, = Af . This contradicts ) According to Equation 1, for each immediate predecessii,,
our assumption that;,, = A4; . in the causal graph,
|

newMust(v) < Must(v) + newMust(v,) < Must(v) + 1



wherenewMust(v) denotesMust(v) with respect tall’. Generally,
for each variable € V,

Must(v) + 1,
Must(v),

if there is a path from v to v,

<
newMust(v) < { otherwise

©)

Now,

> newMust(v) < n+» Must(v) < n+(n-1)7 < n’
veY’! vEY

and thus, according to the upper bound\dimPlanS ze,

MinPlanSize(IT') < newMust(v) < n’
vey!

Now we show an example, for which such an exponential upper
bound can be achieved. This particular example was used in differ-
ent context by Bickstom and Nebel in [2]. Consider a propositional
planning problem witjV| = n, andParents(v;) = {v1,...vi—1}

for 1 < i < n. The operator set\ consist of 2n operators
{4, A4],... Ay, A}, } where

pre(.) = posi(47) =0
post(4}) = pre(;) = 1
procanti =pvant = { § 1507

Easy to see that the causal graph of this problem forms a DAG, and
an instance of this planning problem with the initial stéie. . . , 0)
and the goal statéy,...,0,1) have a uniqgue minimal solution of

length2™ — 1 corresponding to a Hamilton path in the state space.

Lemma 3 shows that any propositional, “polytree-structured”
planning problem, is inVP. Moreover, the size of the minimal so-
lution is bounded by low polynomial ifV’], which does not depend  gint out the reason for this potential exponential escalation of the
on the size of the whole inpufly| +|A|. Following subsection will ~ so|ytion's size. An immediate conclusion of Lemma 4 is that there
highlight the significance of structural properties in the unary operajs 3 significant class domains with an acyclic causal graph for which
tor planning problems. planning is inN P.

The analysis of the proof of Lemma 4 was performed in order to

23 General DAGs Definition 1 A causal graph iscalled §-path-restrictedf the number
of different paths between every two nodes is bounded by 6.

The polytree structure of the causal graph turns out to be crucial for

guaranteeing reasonable solution times. As we now show, there af&mma 5 Plan generation for (STRIPS unary operator) planning

solvable propositional planning problems with an arbitrary acyclicygplemswith an underlying causal graph that is §-path-restricted is
(DAG) causal graph that have minimal solutions of exponential sizey, Np

Analysis of this class of problems points to the reason for such inher-
ent intractability. This allows us to characterize an important paramp, oof Based on the observations above
eter of the causal graph affecting planning complexity and to extend
the class of problems which are in NP. However, we also show that

: MinPlanSize(II) < dn”
most of these restricted problems are NP-complete.

Again, we have found a class of planning problems that is in NP. But
is it NP-hard? The following Lemma shows that in most cases, this
is indeed the case.

Lemma4 Plan generation for STRIPS planning problems with a
unary operator domain whose causal graph is acyclic is inherently
intractable.

Proof We prove this claim simply by showing the supporting ex- LemmaG Plan ggneratlon for propositional, - 4-path-restricted
ample. However, we will perform more detailed analysis, pos,tponing[)l"’mnlng problemsis NV P-complete.

the example to the end of the proof. Our analysis is based on the fact ) ) .

that the upper bound faviinPlanSize, presented in Equation 2 can Froof  The proof is by polynomial reduction from 3-SAT to the
be exponential in the size of input. First, we prove this claim, thencorrespondln_g propositional, 4-path-restr|ctgd plan generation prob-
we show by example that this upper bound can be achieved. lems. 3-SAT is the problem of finding a satisfying assignment to a
The escalation of the complexity, when the number of variables irproposmonal formulain conjunctlye normal form in which each con-
V grows, can be shown by boundimgwMust(v) using a differ- Junct (Clause) has at most three literals.

ent method than that of Equation 3. For the problems considered hetF =CiA...ACnbea propositio_nal formula pelonging _to 8-
Lemma 4 SAT, and let andX1, . .., X,, be the variables used if. An equiv-

alent propositional, 4-path-restricted planning problem can be con-

structed as follows:
wherep,,..,; denotes the total number of different, not necessary

disjoint, paths fromy; to v;. This means that for a given propositional Vv = {4, B, X1,..., X, C4,...

planning problem with acyclic causal graph, with variables num- Parents(A) = Parents(B) = {0}

bered according to a topological sort induced by the causal graph, Parents(X;) = ... = Parents(X,,) = {4, B}

Pa.rents(C’i) = {A, B7 Xi1 s Xi2 s Xi3 }, WhereXil s Xi2, andXi3
are the variables that participate in thie clause ofF.

Init - consist of false assignments to all variable®’i(w for each
Vevw).

Goal - consist of true assignments to all variabled/ifw for each
Vevw).

newMust(v) < Must(v) + pyv,

7Cn}

Must(v;) < Z Poiv; @)
j=i+1

Thus, the upper bound foinPlanSize, presented in Equation 2 can
be exponential in the size of the problem description.



Let every operatorA € A be presented as a three-tuple (i.e. the assignment opA, B} becomens, b), eachX;, that still has

({pre}, {post}, {prv}) of pre-, post-, and prevail conditions respec-

tively. Then, the corresponding operator Aas specified as follows:

Aa ={ {ah{a},{}) }

AB = { <{B}7 {b}v {}> }

AXl- = { ({ _i}v{xi}v{_vl;}):
({zi}, {zi}, {a,0}) }

Ac;, ={

({@}, {ei} {a, b,01}),

({@}, {ei} @, b, }),
({@}, {ei} {a,b,a1}),

(et fed fa,balh)

the valuez; can be changed tg;, but noC; can change its value
(the truth values of the formula’s clauses depends only on previously
locked values of the formula’s variables).

Clearly,Goal is reachablel{ is solvable) if and only if a satisfying
assignment forF can be found. Likewise, the maximal number
of paths between pairs of vertices in the causal graph is achieved
between each locking variablel (@and B), and each clause variable
(C1,...,Ch), and is equal to 4. Thus, plan generation for proposi-
tional, 4-path-restricted planning problemsN&P-hard, and from
Lemma 5, we know that it i&v P-complete.

]

3 SUMMARY

We have shown that the structure of the causal graph for unary op-
erator STRIPS domains is an important factor in determining the
computational complexity of plan generation. In particular, we have
shown that a polynomial time algorithm exists for graphs in which
there is at most one undirected path between nodes, and that in poly-
trees the maximal plan length is a low order polynomial. More gener-
ally, we have shown a relation between the number of path between
variables in the causal graph and the computational complexity of
the corresponding planning problem.

wheread, . .. a};l_ are all possible truth assignments on the variableSACK NOWLEDGEMENTS

Xi,, Xi,, Xi;, that satisfy theth clause ofF. Easy to see, that the
described planning problem have all propositional variables, singl
effect operators and an acyclic causal graph (see figure 3).

Figure3. Causal graph of 3SAT satisfaction planning problem

eWe would like to thank Samir Genaim for his assistance in one of the
proofs, and the anonymous referee for useful remarks.
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First, we note that the resulting graph has at most 4 directed paths
between any pair of nodes. Clearly, there are no paths between nodes

A and B; exactly one path betweeA and B and any of theX;'s;
at most one path between a particuly and a particulaC;; and
exactly 4 paths betweeA or B and any of the”; (one direct link,
and three passing through the 3 variables consititufing

Now we describe the dynamics of the problem. As longlas: a,
and B = b, eachX; can change its value from to z;, and noC;
can change its value. After either the value Afis changed taz,
or the value ofB is changed td, no X; can change its value (the

assignment on the formula’s variables is locked), but some variables

fromC,, ..., C, can change their values frofto c;. Finally, after
the remaining variable fronfA, B} changes to its positive value,



